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ABSTRAK

Dalam tulisan ini, graf yang digunakan adalah graf berhingga dan terhubung. Misalkan f: V (G) -
{1, 2,.. k} adalah sebuah pewarnaan simpul dari sebuah graf G dimana dua simpul yang berdekatan
dapat diwarnai dengan warna yang sama. Pertimbangkan kelas-kelas warna = = {C4, C5,..Cy}.
Untuk sebuah simpul v € G, representasi warna dari v adalah vektor-k r(v|mr) =
(d(v,,Cy),d(w,Cy),..d(v,Cy)), dengan d(v,C;) = min{d(v,c); c € C;}. Jika r(u|l) #
r(v | IT) untuk setiap dua simpul yang berdekatan u dan v dari G, maka f disebut pewarnaan
metrik dari G. Nilai k minimum dimana G memiliki pewarnaan metrik k disebut dengan bilangan
kromatik metrik dari G dan dilambangkan dengan u(G). Pada makalah ini, kita akan mempelajari
bilangan kromatik metrik dari graf-graf roda yang terkait yaitu graf roda ganda, graf sikel, graf
pertemanan dan graf helm.

Keywords: pewarnaan metrik, graf roda terkait.

ABSTRACT

In this paper, graphs are finite and connected graph. Let f:V (G) — {1,2,...,k} be a vertex
coloring of a graph G where two adjacent vertices may be colored the same color. Consider the
color classesm = {Cy,C,,...,C}. For avertex v € G, representation color of v is the k-vector
r(v|n) = (dw,,Cy),d(,Cy),...,dw,Cy)), where d(v,C;) = min{d(v,c);c € C;}.
Ifr(u| M) # r(v|II) for every two adjacent vertices u and v of G, then f is called a metric
coloring of G. The minimum k for which G has a metric kcoloring is called the metric chromatic
number of G and is denoted by p(G). In this paper, we study the metric chromatic numbers of
related wheel graphs namely double wheel graph, web graph, friendship graph and helm graph.

Keywords: metric coloring, related wheel graph.

INTRODUCTION

We consider finite and connected graphs. Let G = (V, E) be a graph G with the vertex
set, V(G) and the edge set E(G). The distance between two distinct verticesu,v € V(G) is
the length of a shortest uv path in G, denoted by d(u,v). The concept introduced by
Chartrand, et.al [2], [5]. Suppose that f:V (G) = {1,2,...,k} is a k-coloring of G where
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two adjacent vertices may be colored the same color. Consider the color classes
{Cy,C5,...,C}. FOr a vertex v € G, representation color of v is the k-vector r(v|ll) =
(d(w, Cy),dw, Cy),...,d(v,Cy)) where d(v,C;)) = min{d(v,c);c € C}.If r(u|ll) #
r(v|IT) for every two adjacent vertices u and v of G, then f is called a metric coloring of
G. The minimum k for which G has a metric k-coloring is called the metric chromatic
number of G and is denoted by p(G). This definition introduced by Zhang, et.al [3].
Alfarisi, et.al [1] founded the metric chromatic number of unicyclic graph. Futhermore,
Rohmatulloh, et.al [4] obtained the metric chromatic number of comb product of ladder
graph. Two proposition of the metric chromatic number introduced by Zhang, et.al [3] as
follows.
Proposition 1.1. Let G be a connected graph of order n,2 < u(G) < x(G) < n.
Proposition 1.2. If G is a connected graph with y(G) = 3, then u(G) = 3.

RESULTS
We study the metric coloring of related wheel graphs, namely double wheel graph,
web graph, friendship graph and helm graph.

Theorem 2.1. Consider wheel graph W, for n > 3, then u(W;,) = 3.

Proof. V(W,) = {a,ai;1 <i<n} and EW,) ={a,ai; 1 <i<n}U {a, a1y 1 <0<
n-— 1} U {ay, a,}. Based on Proposition 1, u(W,) = 2. Thus, this proof divided into two
cases as follows.

Case 1. For n is even

We prove that p(W,) < 3. Let f:V(W,) = {1,2,3} be a vertex coloring (two
adjacent vertices may be colored same color). The construction of coloring in graph W, with
the periodic label in cycle (2,3,2,3,2,3,2,3,...,2,3) and 1 for center of wheel graph.
Furthermore, the label color and the representation of vertices in wheel graph W, respect to
with class color 1T = {C;,C,,C3} where C; ={a},C, = {a;; iisodd} and C3 =
{a;; iis even} as follows.

1, v=a
f(x) =42, vE€a;iodd
3,V E€Eaqlieven
Based on the color label f in wheel graph W,. Thus, we have the representation as
follows.

r(alll) = (0,1,1);

r(a;|M) = (1,0,1), for i is odd;

r(a;|l1) = (1,1,0), for i is even.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(a;|IT) # r(ag+n| M) or r(alll) # r(a;|IT) . We obtain u(W,) < 3. Hence, p(W,,) = 3

Case 2. For n is odd

We prove that p(W,) < 3. Let f:V(W,,) = {1,2,3} be a vertex coloring (two
adjacent vertices may be colored same color). The construction of coloring in graph W,, with
the periodic label in cycle (1,2,3,2,3,2,3,...,2,3,1,1) and 1 for center of wheel graph.
Furthermore, the label color and the representation of vertices in wheel graph W, respect to
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with class color [T = {C;,C,, C3} Where C; = {a,am-1),an}, C; = {a;iiseven,2 <i <
n—2}and C; = {a;;iisodd,2 <i <n — 2} as follows.

1, v € {a, A(m-1), An}
f(x)=<2,vea;ieven,2 <i<n-—2
3, vEa,iodd,2<i<n-—2

Based on the color label f in wheel graph W, . Thus, we have the representation as
follows.

r(a|ll) = (0,1,1);
r(alll) = (0,1,1);
r(a,|T) = (0,1,2);
Waluyo & Fatahillah, The Metric Coloring ... 193

r(a(n_1)|17) = (0,2, 1);

r(an|ll) = (0,2,2);

r(a;|l) = (1,0,1),foriiseven,2 < i < n — 2;
r(a;|1) = (1,1,0),foriisodd,2 < i < n — 2.

Clearly, for every two adjacent vertices has distinct representation, we can see in r(a;|I1) #
r(agsplM) orr(al I) # r(a;|IT). We obtain u(W,) < 3. Hence, p(W,) = 3.

Lemma 2.1. Let G be related wheel graph and W» be wheel graph, then u(G) = u(W,)
Proof. To prove this lemma, we will illustrate by describing the following conditions:
(i). Let G be related wheel graph such that K subgraph G, where K be rim of wheel graph.
Rim wheel graph is cycle order three, C; then it has 3 different colors;
(ii). Based on Theorem 1, u(W,) = 3;
(iii). Because G related wheel graph then there is a possibility that the order and size of G
is bigger than the wheel graph.
By (i), (ii) and (iii), we get that u(G) = p(WW,). It completes the proof.

Some graphs of related wheel graph are web graph, double wheel graph, friendship
graph and helm graph.

Theorem 2.2. Consider web graph Wb,, forn > 3, then u(Wb,) = 3.
Proof. V((Wb),) = {a,a;,b;,c;; 1 < i <n} and E((Wb),) = {aa; 1 < i <
nyU{ab;1<i< n} U {aqaqsy; 1 <i <n—1} U {a;a,} U {bbis1)1<i =<
n—1} U {b;b,} U {bic;;1 <i<n}.Based on Lemma 2.1, u((Wb),) = u(W,) =
3. Thus, we prove that u((Wb,,) < 3. Let f:V (Wb),) = {1,2,3} be a vertex coloring
(two adjacent vertices may be colored same color). The construction of coloring in graph
Whbn with the periodic label in cycle (2,3,2,3,2,3, . ..,2,3), (1,1,1,1,1,1, . . . ,1,1) in outer
cycle and 1 for center of web graph. Furthermore, the label color and the representation of
vertices in web graph (Wb,,) respect to with class color IT = {C;,C,, C3} where C; =
{a, b;,c;},C, ={a;; iisodd}and C; = {a;; iis even} as follows.

1, v €{a, b;c;}

f(x) =432, veEaiisodd
3, VEaq;liseven
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Based on the color label f in web graph Wb,,. Thus, we have the representation as follows.

r(alll) = (0,1,1);
r(b;|IT) = (0,1,2),for i is odd;
r(b;|I1) = (0,2,1), for i is even;
r(a;|IT) = (1,0,1), for i is odd;
r(a;|I) = (1,1,0), for i is even;
r(c;|l) = (0,2,3), for iis odd;
r(c;|IT) = (0,3,2),foriis even.

Clearly, for every two adjacent vertices has distinct representation, we can see inr(a;|I1) #
r(ag+n|l) or r(b;|IT) # r(bi+1)|IT). We obtain p(Wb,) < 3. Hence, u(Wb,,) = 3.1t
completes the proof.

Theorem 2.3. Consider double wheel graph DW,, forn > 3, then u/(DW,,) = 3.

Proof. V((DW),) = {a,a;,b;; 1 < i < n} and E((DW),) = {aa;;1 < i < n} U
{aib; 1 < i < n}u {al-a(iﬂ); 1<i<n-1}U{aa}VU {bbus;l <i <

n — 1} u{bsb,}.Based on Lemma 2.1,pu((DW),) = 3. Thus, we prove that
w((DW),) < 3.Let f:V((DW),) = {1,2,3} be a vertex coloring (two adjacent vertices
may be colored same color). The construction of coloring in graph DW» with the periodic
label in cycle (2,1,2,1,2,1, ...,2,1),(1,1,1,1,1,1, . .. ,1,1) in outer cycle and 1 for center of
double wheel graph. Furthermore, the label color and the representation of vertices in double
wheel graph (DW;,) respect to with class color IT = {C;, C,, C3} where C; = {a, b;},C, =
{a;,; iis odd}and C; = {a;; iis even} as follows.

1, wve{ab;}
f(x) =42, veEa;iodd
3, VEa;lieven

Based on the color label f in double wheel graph DW,. Thus, we have the
representation as follows.

r(alll) = (0, 1, 1);
r(bdIl) = (0, 1, 2), for i is odd;
r(bill) = (0, 2, 1), for i is even,;
r(ailll) = (1,0, 1), for i is odd,;
r(ailll) = (1, 1, 0), for i is even.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(ailll) # r(ag+v|) or r(bil) # r(bu+n|T). We obtain (DW=) < 3. Hence, u(DWn) = 3. It
completes the proof.

Theorem 2.4. Consider friendship graph Fr for n >3, then u(Fr) = 3.

Proof. V(Fn) ={a, ai; 1 <i<2n} and E(Fn) ={aai; 1 <i<2n} U
{aiag+1); iisodd, 1 <i<2n—1}. Based on Lemma 2.1, p(Fn) > u(Wn) = 3. Thus, we prove
that u(Fr) <3. Let f:V (Fn) — {1, 2, 3} be avertex coloring (two adjacent vertices may be
colored same color). The construction of coloring in graph Fr» with the periodic label in cycle
(1,2,1,2,1,2,1,2, . ..,1,2) in outer cycle and 3 for center of friendship graph. Furthermore,
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the label color and the representation of vertices in web graph Fxr respect to with class color
I1 = {Cy, C2, C3} where C1={a}, C>=
{ai, ; i is odd} and C3= {a;; i is even} as follows.

1, veE€a,iodd,1<i<2n
f(x) =42, veEaq,ieven,1 <i<2n
3, VEa
Based on the color label f in friendship graph Fr». Thus, we have the representation as
follows.

r(alll) = (0, 1, 1);
r(aill) = (1,0, 1), for iis even,
r(aill) = (0, 1, 1), for iis odd.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(alll) # r(aill). We obtain u(Fn) <3. Hence, u(Fn) = 3. It completes the proof.

Theorem 2.5. Consider helm graph H» for n> 3, then u(H») = 3.

Proof. V(Hn») = {a, ai, bi; 1 <i<n}and E(Hn) ={aai; 1 <i<n} U {aiai+y; 1 <i<n—1}
U {aian} U {aibi; 1 <i<n}. Based on Lemma 2.1, u(Hr) > w(W=) = 3. Thus, this proof
divided into two cases as follows.

Case 1. For nis even

We prove that p(Hn) < 3. Let f: V(Hn) — {1, 2, 3} be a vertex coloring (two adjacent
vertices may be colored same color). The construction of coloring in graph Hn» with the
periodic label in cycle (1,2,1,2,1,2,1,2, . ..,1,2) in outer cycle and 3 for center of helm graph.
Furthermore, the label color and the representation of vertices in helm graph H» respect to
with class color IT = {C1, C2, C3} where C1={a, b}, C2={ai, ; i is odd} and Cz= {a;; i is
even} as follows.

1, wve{ab;}
f(x) =12, veEa;iodd
3, VEa;leven
Based on the color label f in helm graph Hx. Thus, we have the representation as follows.

r(alll) = (0, 1, 1);
r(aill) = (1,0, 1), foriis odd,
r(ailll) = (1, 1, 0), for i is even;
r(bill) = (0, 1, 2), foriis odd,
r(bill) = (0, 2, 1), for i is even.

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(aill) # r(a @+|l) or r(aill) # r(bi|Il). We obtain p(Hn) <3. Hence p(Hn) =
3forniseven.

Case 2. For n is odd

We prove that p(Hn) < 3. Let f: V (Fn) — {1, 2, 3} be a vertex coloring (two adjacent
vertices may be colored same color). The construction of coloring in graph H» with the
periodic label in cycle (1,2,3,2,3,2,3, .. ,2,3,1,1), in pendant (1,1,1,1, ... ,1,1) and 1 in outer
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cycle of helm graph. Furthermore, the label color and the representation of vertices in helm
graph Hxr respect to with class color IT = {C1, C2, C3} where C1=

{a, am-1), an, bi}, C2={ai, ;iiseven,2<i<n-—2}and C3={a;;iiseven,2<i<n-—2}
as follows.

1, v € {a, A(n—1), An, b;}
f(x) =432, vea,ieven,2<i<n-—2
3, vEa,iodd,2<i<n-—2

Based on the color label f in helm graph Hx». Thus, we have the representation as follows.

r(alll) = (0, 1, 1);
r(ai|ll) =r(bill) = (0, 1, 2); foriiseven,2<i<n-—2,
r(am-2)|lI) =r(bill) = (0, 2, 1); foriisodd,2<i<n-2,
r(an|ll) = (0, 2, 2)
r(aill) =(1,0,1); foriiseven,2<i<n-—2,
r(aill)=(1,1,0); foriisodd,2<i<n-—2;
r(ball) = r(be-)|T) = (0, 2, 3);
r(baIT) = (0, 3, 3);

Clearly, for every two adjacent vertices has distinct representation, we can see in
r(aill) # r(au+y|lT) or r(aill) #r(bill). We obtain u(Hn) < 3. Hence pu(Hn») =3 for nis
odd. It completes the proof.

CONCLUSION
In this paper we have shown some the exact values metric chromatic number of related
wheel graphs, namely web graph, double wheel graph, friendship graph and helm graph.
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